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The deformation and vibration of vertical ﬂexible loops are investigated theoretically and experimentally.
Both upright and hanging loops are considered. Potential applications include nanorings and carbon
nanotubes as force sensors or structural components. The upright tubes rest on a rigid or linearly elastic
(Winkler) foundation, and cases with adhesion and nonlocal elasticity are included in the analysis. The
hanging loops are suspended by a clamp with zero or ﬁnite length. The effects of self-weight, foundation
stiffness, work of adhesion, and nonlocal elasticity on the loop height or depth are determined, as well as
the effects of self-weight and foundation stiffness on the lowest frequency for in-plane symmetric vibra-
tion. Good agreement is attained between theoretical results (based on an inextensible-elastica model)
and experimental data.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
This paper treats a narrow strip formed into a vertical circular
loop that is either upright (resting on a foundation) or hangs
downward (suspended by a zero-length or ﬁnite-length clamp),
subjected to its self-weight. Such a strip is sometimes called a rib-
bon. The problem can be related to cylindrical shells, nanorings,
and carbon nanotubes. Equilibrium states are investigated, and in
some cases small in-plane symmetric vibration about those
conﬁgurations is considered. An analysis based on an inextensible
elastica is carried out, and experiments are conducted. In the ‘‘basic
problem’’, the loop is upright and the foundation is rigid.
Extensions that are examined for upright loops include a linearly
elastic (Winkler) foundation, adhesion between the loop and the
foundation, and nonlocal elasticity of the loop.
The basic problem was analyzed by Wang and Watson (1981).
Typical equilibrium shapes are depicted in Fig. 1. Similar shapes
were obtained in Raux et al. (2010), theoretically and experimen-
tally, for ribbons made of an elastic polymer. Hertel et al. (1998)
and Pantano et al. (2004) showed such cross-sectional shapes for
horizontal carbon nanotubes on a graphite substrate, with self-
weight neglected and with deformations caused by van der Waals
forces between the nanotube and the substrate. A similar problemwas examined in Liu and Xia (2013), where the ends of a carbon
nanotube were bent and attached to form a nanoring that was
placed vertically on a horizontal substrate. The nanoring was
modeled as an inextensible elastica.
Zheng and Ke (2010, 2011) considered a nanoring comprised of
a bent carbon nanotube or a bundle of them. The ring was placed
vertically on a horizontal substrate, and again self-weight was
neglected and adhesion between the structure and the substrate
was included. A vertical force (downward or upward) was applied
at the top, and the authors referred to possible applications as a
force sensor or a structural component in a nanoscale system. An
inextensible-elastica analysis was performed, along with experi-
ments. In the analysis, repulsive van der Waals forces induced a
small separation between the nanoring and the substrate.
Finally, Shi et al. (2012, 2013) analyzed cross-sectional
deformations of a small cylindrical shell resting on a horizontal
substrate and subjected to a vertical force (downward or upward)
at the top. Self-weight was neglected, and internal pressure was
included (applicable to liposomes and biological cells). The attrac-
tive-repulsive interaction between the nanotube and the substrate
was modeled by a point-to-point force acting perpendicularly to
the cross section or to the substrate, rather than integrating a
distributed force over the adjacent surface (Plaut et al., 2012).
The basic problem is formulated in Section 2, including the
hanging loop, and the experiments are described in Section 3. Equi-
librium results for the basic problem are shown in Section 4, and
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Fig. 1. Geometry of loop subjected to self-weight: (a) upright on rigid foundation;
(b) hanging.
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Section 6, and nonlocal elasticity with adhesion in Section 7. Vibra-
tions are treated in Section 8, and concluding remarks are given in
Section 9. All results are presented in nondimensional form.2. Formulation of basic problem
Four cases were delineated in Wang and Watson (1981) for
upright loops. In Case I, for sufﬁciently low self-weight, the loop
contacts the substrate only at the lowest point of the loop. In Case
II, for a higher range of self-weight, a ﬂat segment of the bottom of
the loop is in contact with the substrate (see Fig. 1). In Case III, for a
still higher range of self-weight, the bottom of the loop is in contact
over a ﬂat segment and the point that started at the top of the loop
(for small self-weight) is in contact with the bottom of the loop.
Finally, in Case IV, for high self-weight, a segment of the previous
top part of the loop is ﬂat on top of the bottom ﬂat segment, with
raised sections past the left and right ends of that segment.
First consider the upright loop, with Case II sketched in Fig. 1(a).
It has circumference L, contact length B with the horizontal rigid
foundation, weight W per unit length, modulus of elasticity E,
width B0, thickness H, cross-sectional area A ¼ B0H, and moment
of inertia I ¼ B0H3=12. With the origin at the right lift-off point,
the arc length is S, the horizontal coordinate is XðS; TÞ, the vertical
coordinate is YðS; TÞ, and the angle between the horizontal and the
tangent to the loop is hðS; TÞ, where T denotes time. The internal
forces are PðS; TÞ and QðS; TÞ parallel to the X and Y axes, respec-
tively, and the bending moment is MðS; TÞ. On a positive face, P is
positive if in the X direction, Q is positive if in the Y direction,
and M is positive if counter-clockwise.
The loop ismodeled as an inextensible elastica that is unstrained
when straight. The governing equations for 0 < S < L B for CasesI–III, based on geometry, moment–curvature relation, and equilib-
rium of an element including inertia forces, are
@X
@S
¼ cos h; @Y
@S
¼ sin h;
EI
@h
@S
¼ M; @M
@S
¼ Q cos h P sin h;
@P
@S
¼ ðW=gÞ @
2X
@T2
;
@Q
@S
¼ W  ðW=gÞ @
2Y
@T2
ð1Þ
(Santillan et al., 2006).
The analysis is conducted in terms of the following nondimen-
sional quantities:
w ¼WL3=EI; x ¼ X=L; y ¼ Y=L; s ¼ S=L; b ¼ B=L; c ¼ C=L;
hf ¼ Hf =L; p ¼ PL2=EI; q ¼ QL2=EI; m ¼ ML=EI;
t ¼ ðT=L2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EIg=W
p
; X ¼ xL2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
W=EIg
p
;
k ¼ KL4=EI; b ¼ ðeoa=LÞ2; wadh ¼WadhL2B0=EI:
ð2Þ
The nondimensional variables are written in the form
xðs; tÞ ¼ xeðsÞ þ xdðsÞ sinXt; yðs; tÞ ¼ yeðsÞ þ ydðsÞ sinXt;
hðs; tÞ ¼ heðsÞ þ hdðsÞ sinXt; mðs; tÞ ¼ meðsÞ þmdðsÞ sinXt;
pðs; tÞ ¼ pe þ pdðsÞ sinXt; qðs; tÞ ¼ qeðsÞ þ qdðsÞ sinXt;
ð3Þ
where subscripts e and d denote ‘‘equilibrium’’ and ‘‘dynamic,’’
respectively. The governing equations for equilibrium are
x0e ¼ cos he; y0e ¼ sin he; h0e ¼ me;
m0e ¼ qe cos he  pe sin he; p0e ¼ 0; q0e ¼ w:
ð4Þ
For Cases I–III, 0 < s < 1 b.
Small vibrations about equilibrium are examined, and the
resulting equations are
x0d ¼ hd sin he; y0d ¼ hd cos he; h0d ¼ md;
m0d ¼ ðqd  pehdÞ cos he  ðpd þ qehdÞ sin he;
p0d ¼ X2xd; q0d ¼ X2yd:
ð5Þ
In addition to the upright loop in Fig. 1(a), the hanging loop
shown in Fig. 1(b) is considered. The top of the loop is clamped
to a horizontal surface, and the clamping length is denoted C. In
Eqs. (4) and (5), w is negative for the hanging loop, and
0 < s < 1 c.3. Experiments
A thin strip of polycarbonate was used to acquire experimental
data. The cross-sectional dimensions were: width B0 ¼ 25:4 mm,
thickness H ¼ 0:127 mm. An independent linear beam bending test
suggested a Young’s modulus E ¼ 2:25 GPa (the polycarbonate
manufacturer’s speciﬁcations gave a range of 2.0–2.4 GPa). The
density of the material was measured at 1:18 103 g/mm3 (again
close to the manufacturer’s speciﬁcations), thus giving a speciﬁc
weight of 11.6 kN/m3, and a speciﬁc weight per unit length of
W ¼ 0:0374 N/m for the strip under consideration. The length of
the strip was used as the control parameter over an approximate
range of L  150 mm (a tight loop) to L  700 mm (where the loop
collapsed onto itself causing self-contact, in the ‘up’ orientation).
The length over which the loop was clamped at the boundary con-
dition was held ﬁxed at C ¼ 17 mm. Given the nondimensional
expression w ¼WL3=EI, the slenderness of the strips corresponds
to the accessible ranges w ¼ 14! 1400.
Fig. 2. Experimental setup with clamping length C ¼ 17 mm: (a) w = 125; (b) w = 505; (c) w = 1280; (d) w = 980.
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and orientations, three upright and one hanging. The transition
from stiffness-dominated (near circular) to weight-dominated
(ultimately a hanging chain in the ‘down’ orientation, or a pancake
in the ‘up’ orientation) behavior is clearly observed. In each stable
equilibrium conﬁguration the central vertical deﬂection (midpoint
height) was measured using a proximity laser. Upon small pertur-
bations of a given equilibrium, the lowest natural frequency corre-
sponding to a symmetric mode of vibration was extracted from
subsequent transient time series and signal processing (FFT). The
damping in the system was very light (a few percent). For the
longer lengths the system exhibited a neutrally stable lateral equi-
librium, making the measurements challenging.4. Equilibrium for basic problem
After specifying the nondimensional weight per unit length w,
numerical solutions are obtained using a shooting method involv--0.2 -0.1 0.0 0.1 0.2
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Fig. 3. Equilibrium shapes: (a) upright, with w ¼ 0 (dotted), 500 (dashed), 1000 (dot-da
1000 (dot-dashed), and 1500 (solid).ing NDSolve and FindRoot in Mathematica. The right half of the
loop is considered. For Case II, qeðsÞ ¼ ½0:5ð1 bÞ  sw and, at
s ¼ 0; xe ¼ ye ¼ he ¼ me ¼ 0. The horizontal internal force compo-
nent pe is a constant, denoted p0. The unknown quantities p0 and
contact length b are varied until the conditions xe ¼ b=2 and
he ¼ p are satisﬁed with sufﬁcient accuracy at s ¼ ð1 bÞ=2 (the
midpoint on the top). (In the program, the total arc length above
the foundation is normalized to unity.) For Case I, b ¼ 0 while
með0Þ is not zero, so p0 and með0Þ are varied, and qeðsÞ is the same
as for Case II. For Case III, the conditions at s ¼ 0 are the same as for
Case II, and p0; b, and qeð0Þ are varied until xe ¼ b=2; ye ¼ 0, and
he ¼ p at s ¼ ð1 bÞ=2. Finally, for Case IV, in comparison with Case
III, the length of the ﬂat central region of the top and bottom of the
loop is an additional unknown, and an additional shooting condi-
tion is me ¼ 0 where the loop lifts off the ﬂat region.
Cases I–IV govern, respectively, for 0 6 w 6 147:1;
147:1 < w 6 1408:9; 1408:9 < w 6 2946:5, and w > 2946:5. The
top of the loop has a dip if w > 563:8.-0.1 0 0.1
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shed), and 1500 (solid); (b) hanging, with c ¼ 0 and w ¼ 0 (dotted), 500 (dashed),
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Fig. 4. Midpoint height or depth jymidj (solid), and maximum height ymax (dashed),
versus self-weight w. For w < 0 (hanging loop), c ¼ 0.
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Fig. 6. Midpoint height jymid j versus w for C ¼ 17 mm. Dots represent experimental
data, with vertical lines corresponding to cases in Fig. 2.
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the clamping length C ¼ 0, the analysis is the same as for Case I
(withw < 0). If C > 0, the analysis is similar to that for Case II, with
w < 0; b replaced by a speciﬁed value of c, and p0 andmeð0Þ varied.
Equilibrium shapes are depicted in Fig. 3(a) for four values of w.
For w ¼ 0, the loop is circular, with height ymid ¼ 1=p ¼ 0:3183 and
contact length b ¼ 0 (Case I). For w ¼ 500; ymid ¼ 0:163 and
b ¼ 0:203 (Case II). For w ¼ 1000, the height at the midpoint is
ymid ¼ 0:0836, the maximum height is ymax ¼ 0:103, and
b ¼ 0:287 (Case II). Finally, for w ¼ 1500; ymax ¼ 0:0761 and
b ¼ 0:311 (Case III). Similar shapes were presented in Wang
and Watson (1981). The axial component of the internal forces is
in tension for the upper part of the loop and in compression for
the lower part. For Cases I–III, the axial force has the same
magnitude jp0j at the separation point from the foundation as at
the midpoint of the top of the loop.
Equilibrium shapes are shown in Fig. 3(b) for the hanging loop
for the cases w ¼ 0 (circle), 500, 1000, and 1500. The respec-
tive depths are 0.3183, 0.396, 0.421, and 0.433. The top part of the
hanging loop is in tension and the bottom part is in compression,
with the same magnitude jp0j of axial force at the suspension point
and at the lowest point. Similar equilibrium shapes were obtained
previously by Watson and Wang (1981).
For upright loops, the midpoint height ymid (solid curve) and
maximum height ymax (dashed curve) are plotted in Fig. 4 for
0 6 w 6 1500. Naturally the curves are the same for
0 6 w < 563:8. For 1500 6 w < 0 in Fig. 4, the depth of the hang-
ing loop is plotted. The solid curve is concave for w < 147:1, then
convex for a certain range, and then concave till it reaches zero
at w ¼ 1408:9.
In Fig. 5, the contact length b is plotted for 0 6 w 6 2000. It is
zero for 0 6 w 6 147:1 (Case I). The curve has a local maximum500 1000 1500 2000
0.00
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b
w0
Fig. 5. Contact length b versus w for basic problem.at w ¼ 1364:3 (where b ¼ 0:309), and a kink at w ¼ 1408:9 (the
transition from Case II to Case III) where b ¼ 0:307.
Results in Fig. 6 for the midpoint height or depth, jymidj, corre-
spond to the strips used in the experiments, with width
B0 ¼ 25:4 mm, thickness H ¼ 0:127 mm, and clamping length
C ¼ 17 mm. The range of w is the same as in Fig. 4. The vertical
lines marked (a)–(d) in Fig. 6 correspond to Fig. 2(a)–(d), respec-
tively. The minimum length L for the tested strips was 152.4 mm
(corresponding to jwj ¼ 13:6), both for upright and hanging loops,
so there is a gap between the right and left solid curves in Fig. 6.
For w > 188:7 (L > 366:4 mm), the contact length is longer than
the clamping length, and then the solid curve is the same as in
Fig. 4 where there was no clamp.
For w < 188:7, the conditions at the end of the clamp are
xe ¼ ye ¼ he ¼ 0, and the quantities p0 and með0Þ are varied until
xe ¼ c=2 and he ¼ p at the midpoint s ¼ ð1 cÞ=2. For the hanging
loop, if 106:4 < w < 13:6, the top part of the loop is in compres-
sion and the bottom part is in tension; for w < 106:4, the oppo-
site is true. The axial force has the same magnitude jp0j at the
edge of the clamp and at the lowest point of the loop.
The dots in Fig. 6 represent experimental data points, and are
quite close to the theoretical curve (a little lower for w > 0, and
a little higher for w < 0). Raux et al. (2010) also obtained good
agreement between theory and experiment in a similar type of plot
for upright loops (w > 0).5. Equilibrium for basic problem with Winkler foundation
In this section it is assumed that the upright loop rests on a
tensionless Winkler foundation with stiffness coefﬁcient K (repre-
senting a continuum of vertical, linearly elastic springs). Three
equilibrium shapes in nondimensional form are depicted in
Fig. 7. Now the origin of the coordinate system is placed at the mid-
point of the bottom part of the loop, which is at a distance Hf below-0.2 -0.1 0.0 0.1 0.2
0.00
0.04
0.08
y
x
Fig. 7. Equilibrium shapes for w ¼ 1000 and k ¼ 105 (dot-dashed), 2 105 (solid),
and 5 105 (dashed).
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Fig. 9. Midpoint height ymid (solid) and maximum height ymax (dashed) versus work
of adhesion wadh for w ¼ 0;250;500;750, and 1000.
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upward distributed force on the bottom part of the loop if Y < Hf
(Plaut and Cotton, 2005; Guo et al., 2011).
Eq. (1f) is replaced by
@Q
@S
¼ W  ðW=gÞ @
2Y
@T2
þ ðHf  YÞKHðHf  YÞ: ð6Þ
For the numerical solution procedure, the discontinuous Heaviside
step function is approximated by the continuous function
HðHf  YÞ  12 1þ tanh½10
4ðHf  YÞ
h i
: ð7Þ
This will be convenient in the study of vibrations in Section 8.
With the use of Eqs. (6) and (7), Eq. (4f) is replaced by
q0e ¼ wþ
1
2
ðhf  yeÞk 1þ tanh½104ðhf  yeÞ
h i
; ð8Þ
and Eq. (5f) is replaced by
q0d ¼ X2yd 
1
2
kyd 1þ tanh½104ðhf  yeÞ
h
þ hf  yeÞsech2½104ðhf  yeÞ
 i
; ð9Þ
where the nondimensional stiffness coefﬁcient k is deﬁned in Eq. (2).
In the shooting method with Eqs. (4a–e) and (8),
xe ¼ ye ¼ he ¼ qe ¼ 0 at s ¼ 0. One can specify w and k, and vary
hf ; p0, andmeð0Þ until xe ¼ 0; he ¼ p, and qe ¼ 0 at s ¼ 1=2. Alterna-
tively, one can set hf instead of k and vary k in place of hf .
The equilibrium shapes in Fig. 7 correspond to self-weight
w ¼ 1000 and foundation stiffnesses k ¼ 105;2 105, and 5 105.
For these three stiffnesses, respectively, hf ¼ 0:0135; 0:0051, and
0.0014, and the heights of the midpoint above the top of the foun-
dation (i.e., ymid  hf ) are 0.0542, 0.0658, and 0.0744. These shapes
for w ¼ 1000 resemble a peanut. For any value of w > 0, if k is suf-
ﬁciently large, the maximum depth of the loop into the foundation
does not occur at the midpoint of the bottom part of the loop. The
horizontal dashed line in Fig. 7 at zero depicts the top of the foun-
dation outside the loops, and inside the loops it shows the location
of the top of the foundation before the loop was placed on it.
Also for w ¼ 1000, Fig. 8 shows how the heights and depths
vary as a function of k over the range 5 104 6 k 6 106 on a
semi-log plot. The highest curve gives the maximum height above
the top of the foundation, i.e., ymax  hf , and approaches the value
0.1028 (top dashed line) for the rigid foundation. The next highest
curve represents ymid  hf and approaches the value 0.0826. The
lowest curve corresponds to the maximum depth, i.e., ymin  hf ,
and the next higher curve, hf , gives the vertical position yeð0Þ of
the midpoint of the bottom part of the loop, both of which natu-
rally approach zero as k!1.1x10 5 1x10 63x10 5
-0.05
0.00
0.05
0.10
k5x10
4
ymax
mid- h f
min
y - h f
y       - h
- h f
f
Fig. 8. Heights above foundation, and depths, versus k for w ¼ 1000. Top curve:
ymax  hf ; next highest curve: ymid  hf ; second curve from bottom: hf ; lowest
curve: ymin  hf ; dashed asymptotes: rigid foundation.6. Equilibrium for basic problem with adhesion
In this section, the upright loop rests on a rigid foundation, and
the effect of adhesion in the contact region is analyzed. The work of
adhesion per unit area of contact is denoted Wadh. In nondimen-
sional terms, the adhesion causes the bending moment at the right
liftoff point to be með0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2wadh
p
, where wadh is deﬁned in Eq. (2)
(Majidi, 2007; Liu and Xia, 2013).
In Fig. 9, the midpoint height ymid (solid curves), and the maxi-
mum height ymax (dashed curves, when different from ymid), are
plotted as functions of the work of adhesion wadh for the range
0 6 wadh 6 100, with values for wadh ¼ 0 corresponding to results
in Section 4. The vertical axis begins at 0.05.
For the top curve in Fig. 9, the self-weight w is neglected. If
wadh < 2p2 ¼ 19:74, the loop contacts the foundation at a point
(Case I), as previously noted by Zheng and Ke (2011), and the loop
is circular with ymid ¼ 0:3183. If wadh > 19:74, the height of the
weightless loop decreases as the work of adhesion increases. For
w ¼ 250 and 500, there is no dip in the top part of the loop. For
w ¼ 750 and 1000, there is a dip, and ymax > ymid in Fig. 9.
The corresponding contact length b is presented in Fig. 10 for
the same values of w and the same range of wadh as in Fig. 9.
Now the lowest curve corresponds to w ¼ 0, for which b ¼ 0 for
wadh < 19:74. Along the curves, as the work of adhesion increases,
the rate of increase of the contact length decreases.7. Equilibrium for basic problem with adhesion and nonlocal
elasticity
In the deformations of nanorings and carbon nanotubes, the
effect of the small length scale may be signiﬁcant (Wang and20 40 60 80 100
0.05
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0.30
0.35
0
b
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w = 0
0
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w = 1000
Fig. 10. Contact length b versus work of adhesion wadh for w ¼ 0;250;500;750, and
1000.
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Fig. 12. Midpoint height ymid versus b for w ¼ 0; wadh ¼ 0;25;35;50, and 75.
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Fig. 13. Contact length b versus b for w ¼ 0; wadh ¼ 25;35;50, and 75.
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with the use of nonlocal elasticity. Eringen’s theory will be applied
here, in the form where the stress–strain relation includes the sec-
ond derivative of the stress (Challamel, 2013). Then Eq. (1c), relat-
ing the curvature to the bending moment, is replaced by
EI
@h
@S
¼ M  ðe0aÞ2 @
2M
@S2
ð10Þ
(Reddy and Pang, 2008; Xu et al., 2013), where e0 is an experimen-
tally determined constant and a is an internal characteristic length
(Adali, 2009). In nondimensional terms, Eq. (10) becomes
h0e ¼ me  bm00e ; ð11Þ
where the nondimensional nonlocal parameter b is deﬁned in Eq.
(2).
In the analysis of nanorings or carbon nanotubes, the self-
weight is usually neglected, and hence it will be assumed in this
section that w ¼ 0. With pe ¼ p0 (constant) and qe ¼ 0, differentia-
tion of Eq. (4d) and substitution into Eq. (11) leads to
ð1 bp0 cos heÞh0e ¼ me; ð12Þ
which replaces Eq. (4c) in the solution procedure.
The effect of adhesion is included with use of the boundary con-
dition for með0Þ as in Section 6. In Fig. 11, wadh ¼ 50 and the effect
of nonlocal elasticity on the upright equilibrium shape is illus-
trated. For the tallest, next tallest, and shortest conﬁgurations,
respectively, b ¼ 0;0:02, and 0.04. Therefore the loop becomes
shorter and wider as the nonlocal parameter increases. The respec-
tive midpoint heights are ymid ¼ 0:265; 0:245, and 0.234.
The variation in the midpoint height ymid as a function of b is
shown in Fig. 12 for wadh ¼ 0;25;35;50, and 75. The vertical axis
begins at ymid ¼ 0:18. If wadh < 19:74, the loop is circular for any
value of b, with ymid ¼ 0:3183 (as in Section 6 where b ¼ 0). If
wadh > 19:74, the rate of decrease of ymid in Fig. 12 decreases as b
increases.
In Fig. 13, the contact length b is plotted as a function of the
nonlocal parameter b for wadh ¼ 25;35;50, and 75, corresponding
to the bottom four curves in Fig. 12. In Fig. 13, in contrast to
Fig. 12, the highest curve is associated with the highest value of
wadh. The rate of increase of b in Fig. 13 decreases as b increases.
For wadh ¼ 0, the contact length b ¼ 0.
8. Small symmetric vibration about equilibrium
Vibration is considered for upright loops on a rigid or tension-
less Winkler foundation, and for hanging loops suspended by a
point support or a ﬁnite-length clamp. Equilibrium was analyzed-0.1 0.0 0.1
0.05
0.10
0.15
0.20
0.25
x
y
Fig. 11. Equilibrium shapes for w ¼ 0; wadh ¼ 50, nonlocal parameter b ¼ 0
(dashed), 0.02 (solid), and 0.04 (dot-dashed).in Sections 4 and 5, and small vibration about equilibrium is exam-
ined now. Damping is neglected. The vibration mode that is inves-
tigated is the symmetric in-plane mode having the lowest (i.e.,
fundamental) frequency (e.g., see Fig. 14), and that frequency is
denoted x dimensionally and X in nondimensional terms, as
deﬁned in Eq. (2).
For the upright loop, classical linear vibration modes do not
exist when the contact length b with the foundation is not zero
and is greater than the clamping length, due to the nonlinearity
associated with the moving locations of the liftoff points. In that
case, approximate vibration modes and frequencies are obtained
here with the use of Eqs. (7)–(9). Solutions for increasing founda-
tion stiffness k are extrapolated to k!1 to obtain approximate
solutions for a rigid foundation.
Following the solution of Eqs. (4a–e) and (8) for equilibrium
with a Winkler foundation, Eqs. (5a–e) and (9) are solved by a
shooting method for the dynamic variables. The amplitude of the
vibration mode is arbitrary, and mdð0Þ is speciﬁed, where s ¼ 0 is
at the midpoint of the bottom part of the loop. For w > 0, with hf
and k determined, xdð0Þ ¼ hdð0Þ ¼ qdð0Þ ¼ 0, and ydð0Þ; pdð0Þ, and
X are varied until xd ¼ hd ¼ qd ¼ 0 at s ¼ 1=2 (the midpoint of the
top part of the loop). The initial guess for X is chosen in a range
so that the appropriate mode is obtained.
For the upright loop on a rigid foundation with 0 6 w 6 147:1
(Case I), b ¼ 0 and classical vibration modes exist. Then
xdð0Þ ¼ ydð0Þ ¼ hdð0Þ ¼ 0, and pdð0Þ; qdð0Þ, and X are varied until
xd ¼ hd ¼ qd ¼ 0 at s ¼ 1=2, as in the previous case. If C > 0 and
b < c, the origin of the coordinate system is placed at the end of
the clamp, and pdð0Þ; qdð0Þ, and X are varied until xd ¼ c=2 and
hd ¼ qd ¼ 0 at s ¼ ð1 cÞ=2. For w < 0 (hanging loop) and a point
suspension ðC ¼ 0Þ; s ¼ 0 is at the suspension point and the proce-
dure is the same as for 0 6 w 6 147:1, with s ¼ 1=2 at the bottom
of the loop. For w < 0 and a clamping length C > 0; s ¼ 0 is at one
0 500 1000
60
80
100
120
140
w
Ω
-500
40
Fig. 15. Frequency X versus self-weight w for rigid foundation, C ¼ 0.
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Fig. 16. Frequency X versus w for rigid foundation, C ¼ 17 mm. Dots represent
experimental data.
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Fig. 14. Equilibrium shapes (solid) and vibration modes (dashed), rigid foundation, C ¼ 0: (a) w ¼ 200; (b) w ¼ 500; (c) w ¼ 1000 and (d) w ¼ 500.
R.H. Plaut, L.N. Virgin / International Journal of Solids and Structures 51 (2014) 3067–3075 3073end of the clamp and the procedure is the same except that the
numerical integration ends at s ¼ ð1 cÞ=2, which is the bottom
of the loop.
Resulting symmetric vibration modes are depicted in
Fig. 14(a)–(c), respectively, for upright loops with a rigid founda-
tion and w ¼ 200; 500, and 1000, The equilibrium shapes are solid
curves, with the last two previously shown in Fig. 3(a). The case of
a hanging loop suspended at a point withw ¼ 500 is illustrated in
Fig. 14(d); its equilibrium shape was previously included in
Fig. 3(b). The modes in Fig. 14 (dashed curves) exhibit two nodes
in the vibrating part of the loop. Inﬁnitesimal vibrations are inves-
tigated, but the amplitudes in the ﬁgures are chosen sufﬁciently
large to clearly demonstrate the mode shapes.
The frequency X is plotted versus self-weight w in Fig. 15 for a
rigid foundation and C ¼ 0, with the vertical range starting at
X ¼ 40. At w ¼ 0, when the self-weight is neglected, the loop is cir-
cular and X = 62.976. This value was previously given inZakrzhevskii et al. (2010) for a circular loop constrained not to
move at one point. If there were no supporting constraint, the fun-
damental frequency would be 105.9 (Den Hartog, 1985) for a mode
with two axes of symmetry and four equally-spaced nodes around
the circular ring.
When there is point contact in Fig. 15, i.e., for
500 6 w 6 147:1, the frequency X decreases almost linearly as
a function of w. At w ¼ 147:1; X ¼ 51:7. As w increases beyond
147.1 and the associated contact length b increases, X increases
until it reaches a local maximum value 95.6 at w ¼ 880:6, and then
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Fig. 17. Frequency X versus foundation stiffness k for w ¼ 300;400;500, and 1000.
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Fig. 18. Lowest nondimensional frequency versus w for hanging loop with C ¼ 0:
symmetric mode (dashed); asymmetric mode with no rotation at top (solid); and
asymmetric mode with rotation at top (dot-dashed).
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and then decreasing is due to the nondimensionalization of X
and w in Eq. (2), involving the dimensional length L of the strip
and dimensional weight W per unit length in different ways. In
the experiments, for the strip with constant W; L was increased,
and the resulting dimensional frequency X generally decreased
(as did its rate of decrease), with no change in the sign of the slope
of the dimensional frequency.
Fig. 16 corresponds to vibrations about the equilibrium shapes
in Fig. 6, for the strips used in the experiments, with the clamping
length C ¼ 17 mm. Again there is a gap between the two solid
curves, and experimental results are denoted by dots. The theoret-
ical vibration frequency for the upright loop with w > 188:7 is the
same as in Fig. 15, since then the contact length is longer than the
clamping length.
The local minimum on the right solid curve, occurring at
w ¼ 188:7, is X ¼ 57:5, higher than the minimum frequency in
Fig. 15 where C ¼ 0. The experimental frequencies for the upright
and hanging loop in Fig. 16 follow the same trend as the theoretical
curves, and the agreement is quite good for much of the range
shown.
Vibration of upright loops on Winkler foundations is considered
in Fig. 17. For w ¼ 300;400;500, and 1000, the frequency X is plot-
ted as a function of the foundation stiffness k for the range
5 104 6 k 6 8 106 on a semi-log scale. The frequency increases
as k and w increase. Curves such as these were used to obtain the
theoretical frequencies for the loops on a rigid foundation in
Figs. 15 and 16.9. Concluding remarks
Narrow, vertical loops (ribbons), upright on a foundation or
suspended from their top, have been considered. In the analysis
and experiments, the loops were formed from strips that were
unstrained when ﬂat. When bent into a circular shape, the strip
acquires a constant bending moment. If the loops had been
unstrained when circular (e.g., the usual case for rings), they would
have no initial bending moment, but the resulting deformations
and vibrations would be the same as obtained in the present
analysis; only the bending moment me would be changed in the
analysis, replaced by me  2p.
If the self-weight of the upright loop is not neglected, the mid-
point height and maximum height decrease, and the contact length
increases, as the work of adhesion between the loop and the rigid
foundation increases. The same is true if nonlocal elasticity governs
the behavior, the self-weight is neglected, adhesion is active, and
the nonlocal parameter increases.If extensibility were included in the analysis, some of the gov-
erning equations would include a factor 1þ  (Neukirch et al.,
2014) where the axial strain  is proportional to I=ðAL2Þ. For the
experiments, I=ðAL2Þ is of the order 107 or less, and the effect of
extensibility is negligible. The extensible elastica has an additional
symmetric mode that has no nodes, but the corresponding fre-
quency is much higher than the one examined here for cases of
small I=ðAL2Þ.
Vibration modes that are symmetric about the vertical axis of
symmetry of the loop have been considered. An unclamped loop
resting on a foundation could roll or slide if pushed sideways,
associated with an instability under perturbations and a vibration
frequency of zero.
Finally, small asymmetric vibrations of the hanging loop are
considered. In Fig. 18, the highest curve (dashed) is the curve in
Fig. 15, extended to cover the range 1500 < w < 0, for the lowest
frequency of the symmetric modes. If the top of the loop were
clamped pointwise ðC ¼ 0Þ, with no rotation at the clamp, the low-
est nondimensional frequency would be given by the solid curve in
Fig. 18. It is associated with an asymmetric mode having one node.
The frequency at w ¼ 0 (with circular equilibrium shape) is 22.361,
as previously given in Zakrzhevskii et al. (2010). If the top of the
loop were pinned, the lowest frequency would be given by the low-
est curve (dot-dashed) in Fig. 18 and corresponds to asymmetric
rigid-body rocking like a pendulum.Acknowledgments
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